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RECOGNIZING HIGHER ORDER INTERACTIONS EVEN IF THEY DON'T JUMP UP AND HIT YOU IN THE FACE

In looking at three-way interactions, some people can tell what effects are present just by eyeballing the graphs. This Eyeball test (named for Ludwig Eyeball (1886-1959)) is notoriously unreliable, except when used by those in whom the Force is strong. If you are among the fortunate few, you don't need my advice. If you're not, my advice is to always convert graphed means into means tables as shown below.

List the sources of variance so you know which effects to check for. In an AxBxC design we have A, B, C, AB, AC, BC, ABC, and S/ABC; the effects to look for are the three main effects, three two-way interactions, and the three-way interaction. When you want to interpret these effects, you interpret interactions before main effects, and higher order interactions before lower order, e.g., three-way before two-way. Just as a two-way interaction tells you the effect of one variable depends on the level of another, a three-way tells you the nature of the two-way interaction itself depends on the level of a third variable. It's only appropriate to take account of the context-dependency of these effects (higher order interactions) before making pronouncements about how they work when you ignore the context (lower order interactions, and finally main effects). All of these effects can be examined by collapsing the relevant cells to examine the means of, say, the various AB cells, or BC cells, or A cells, to see if their means are in fact different. But nobody's interpreting anything yet; we're just looking to see if the effect is present in the results. In fact, we're not even concerned with significance, only with mere presence or absence of any differences that could be ascribed to interaction among factors.

A main effect means there is a difference (on the dependent variable) between the levels of a factor. A two-way interaction means there is a difference between those differences between the levels of one factor, that depends on the level of the second factor. A three-way interaction, by extension, means that there is a difference between those differences between the differences, that depends on yet a third factor. More compactly, the three-way interaction means that there is a difference in the interaction of two factors, depending on the level of the third factor. If you can get through the syntax of this description, you can see why subtracting across levels (below) gives us information about the presence of any interactions.

The three-way is actually fairly easy to see from a graph: if the two-way interactions are different in the two graphs (or more than two graphs, if your third factor has more than two levels), then that means there is a three-way interaction present. The big question is, what counts as "different" two-way interactions? Some of the cases are obvious but some are surprisingly subtle. You could try to memorize them, but you might be better off treating them as examples of the possibilities. The extension to factors with three levels would make for a lot of patterns to memorize!

In the following graphs, a1 and a2 are represented by separate lines, b1 and b2 are on the horizontal axis, and c1 and c2 are separate graphs (left and right, respectively). In each case, try to get a feel for the verbal descriptions of the graphs, as well as for the numerical subtraction, since both approaches are describing the same thing. The basic point is always that if a difference on the DV exists (i.e., is not 0), then there is an effect present.

If the lines are obviously crossing or otherwise out of parallel in different ways, congratulations -- that counts as different, and there's an obvious three-way interaction:
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c1


b1
b2
difference between the means (simple effects of B at each level of A)

a1
2
4
2-4 = -2

a2
5
1
5-1 = 4

difference between the differences (two-way AB interaction at c1): -2-4 = -6

c2


b1
b2 
difference between the means (simple effects of B at each level of A)

a1
5
5
5-5 = 0

a2
5
1
5-1 = 4

difference between the differences (two-way AB interaction at c2): 0-4 = -4

DIFFERENCE BETWEEN THE DIFFERENCES BETWEEN THE DIFFERENCES: -6-(-4) = -2

[three-way ABC interaction present]

If there is no interaction in either graph, regardless of whether the lines switch positions or whatever from one graph to the other, that counts as the same. (Maybe a1 scores are higher than a2 for one graph and lower for the other, but the 'ab' lines are still parallel in each!) Zero interaction is zero interaction regardless of shape, so all non-interactions count as the same as each other:
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c1


b1
b2
difference between the means (simple effects of B at each level of A)

a1
2
4
2-4 = -2

a2
3
5
3-5 = -2

difference between the differences (two-way AB interaction at c1): -2-(-2) = 0

c2


b1
b2
difference between the means (simple effects of B at each level of A)

a1
5
3
5-3 = 2

a2
4
2
4-2 = 2

difference between the differences (two-way AB interaction at c1): 2-2 = 0

DIFFERENCE BETWEEN THE DIFFERENCES BETWEEN THE DIFFERENCES: 0-0 = 0

[no three-way ABC interaction present]

If there is no interaction in one graph and interaction in the other, then there is a difference, and therefore a three-way interaction:
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c1


b1
b2
difference between the means (simple effects of B at each level of A)

a1
2
4
2-4 = -2

a2
3
5
3-5 = -2

difference between the differences (two-way AB interaction at c1): -2-(-2) = 0

c2


b1
b2
difference between the means (simple effects of B at each level of A)

a1
5
5
5-5 = 0

a2
5
1
5-1 = 4

difference between the differences (two-way AB interaction at c2): 0-4 = -4

DIFFERENCE BETWEEN THE DIFFERENCES BETWEEN THE DIFFERENCES: 0-(-4) = -4

[three-way ABC interaction present]

If there's an interaction in one graph and the same shape interaction shifted up or down in the other, that's not a difference -- the interaction is the same shape in that case:
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c1


b1
b2
difference between the means (simple effects of B at each level of A)

a1
2
2
2-2 = 0

a2
3
5
3-5 = -2

difference between the differences (two-way AB interaction at c1): 0-(-2) = 2

c2


b1
b2
difference between the means (simple effects of B at each level of A)

a1
4
4
4-4 = 0

a2
5
7
5-7 = -2

difference between the differences (two-way AB interaction at c2): 0-(-2) = 2

DIFFERENCE BETWEEN THE DIFFERENCES BETWEEN THE DIFFERENCES: 2-2 = 0

[no three-way ABC interaction present]

Even more unintuitively, this is even true if just one of the lines -- one of the simple effects, that is -- is shifted up or down by a constant from one graph to the other. The relevant thing is actually whether the lines would intersect at the same angle if you continued them till they met -- if the angle between them is the same, there's no interaction. Yikes!...
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c1


b1
b2
difference between the means (simple effects of B at each level of A)

a1
4
4
4-4 = 0

a2
5
7
5-7 = -2

difference between the differences (two-way AB interaction at c1): 0-(-2) = 2

c2


b1
b2
difference between the means (simple effects of B at each level of A)

a1
2
2
2-2 = 0

a2
5
7
5-7 = -2

difference between the differences (two-way AB interaction at c2): 0-(-2) = 2

DIFFERENCE BETWEEN THE DIFFERENCES BETWEEN THE DIFFERENCES: 2-2 = 0

[no three-way ABC interaction present]

Sadly, even visual inspection of the angle between the lines could fool you. Note that for the angle to be the same, the lines must correspond to the same variables respectively, e.g., if the labels were switched above so that the upper line represented a1 in the first graph and a2 in the second, that would NOT be the same angle and there WOULD be a three-way interaction! Try it, by switching the numbers in the c2 table above so that it's a1 that goes from 5 to 7 and a2 that goes from 2 to 2, and then doing the subtractions. Here's another example -- you can try that switch with this one too, once you've gone through it as is...
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c1


b1
b2
difference between the means (simple effects of B at each level of A)

a1
4
3
4-3 = 1

a2
5
7
5-7 = -2

difference between the differences (two-way AB interaction at c2): 1-(-2) = 3

c2


b1
b2
difference between the means (simple effects of B at each level of A)

a1
2
1
2-1 = 1

a2
5
7
5-7 = -2

difference between the differences (two-way AB interaction at c2): 1-(-2) = 3

DIFFERENCE BETWEEN THE DIFFERENCES BETWEEN THE DIFFERENCES: 3-3 = 0

[no three-way ABC interaction present]

Examining the graphs visually may work better for some people than for others. But regardless of the experimenter's visuospatial skill, some patterns of results are just harder to visualize than others. For those harder cases, or for the visuospatially naive, one can always check for the presence of any interactions (three-way, two-way) and main effects by literally subtracting cell means from each other, to see if the relevant patterns are present. Any combination of the presence or absence of main effects, two-way, and three-way interactions is possible -- there might be nothing there but a B main effect, or a C main effect and a three-way interaction. Or every possible effect might be present. The only way to know is to examine the means. (You probably realize that in the case of real data, SPSS or other software will automatically tell you which effects are significant, which is usually the only criterion we use for whether they "exist" or not. But this information comes without so much as a graph necessarily being produced, and most serious researchers would say that without a careful examination of your graphed means, you really don't know what your data say at all!)

The subtraction method doesn't depend on which factor you subtract across -- you can go horizontally subtracting b2 from b1, or go vertically subtracting a2 from a1, and your results will come out the same. It DOES matter that you keep to the same order: if you subtract across B, once you subtract b2 from b1 you have to do that for every other pair -- do NOT switch to subtracting b1 from b2, because you'll reverse the sign and completely misrepresent the differences that are present. Likewise, if you subtract vertically across A, you can do either a2-a1 or a1-a2, but whichever you pick, do it the same for every subtraction!

Here are some cell means for an AxBxC design:



c1




c2



b1

b2


b1

b2


a1
7

9

a1
8

6


a2
8

6

a2
2

4


diff.:
-1

3


6

2

A subtraction check for the three-way could first take the differences going down each column: (7-8)=-1, (9-6)=3 for c1; and for the c2 table, (8-2)=6, (6-4)=2. Then, find the differences between the differences for each table. For c1, that gives us (-1-3)=-4; for c2, (6-2)=4. Now, is there a difference between the differences between the differences? Yes -- subtracting our last set of differences across tables gives us (-4-4)=-8. That tells us that there is a three-way interaction present, but it's pretty hard to follow. The best strategy is to be able to confirm that by recognizing at least the three-way interaction from the graph.

The two-way interactions are much more straightforward. They involve collapsing the table over one of its dimensions, and then looking to see if there are differences between the differences -- which is actually much easier to see than the three-ways. Make a collapsed table for each effect; e.g., to look for an AB interaction, make an AB table by collapsing over C. Do this by collecting together all the means that fall into the same AB combination, e.g., a1b1 would include 7 and 8, a2b2 would include 6 and 4. Then depending on your personal preference, you can sum these numbers or average them. The exact same information is derived either way, since you sum them first either way, and dividing by a constant (i.e., the number of levels of C that you've collapsed over) will preserve any differences present in the summed data. That is, all averaging is doing is summing them and then dividing by the number of cells you collapsed over -- so whether or not you divide all those sums by that same number, their differences will be evident either way. The AB table looks like this if you sum all the cells labeled a1 and b1, then the ones labeled a1 and b2, then a2 and b1, then a2 and b2:


c1 & c2 combined



b1

b2


a1
15

15


a2
10

10


If you want to go the extra step and divide all those sums by 2 to get the means, it looks like this:


c1 & c2 combined



b1

b2


a1
7.5

7.5


a2
5

5


Now you can evaluate this 2x2 table to decide if there's an AB interaction present: 7.5 - 7.5 -= 0; 5 - 5 = 0; and then 0 - 0 = 0 (the difference between the differences between the means). No AB interaction is present.

Next look for the AC interaction by collapsing across B. Find all the cell means labeled a1 and c1 (7 + 9), then all the cell means labeled a1 and c2 (8 + 6), then all that are labeled a2 and c1 (8 + 6), and all that are labeled a2 and c2 (2 + 4). Make that table of sums (do the means on your own if you want):


b1 & b2 combined



c1

c2


a1
16

14


a2
14

6


Is there an AC interaction present? 16 - 14 = 2; 14 - 6 = 8; and then 2 - 8 = -6. So yes, there is an AC interaction present. It's crucial that you understand where these collapsed numbers are coming from, so follow the example closely if it's not clear yet!

Collapsing across A will give you a table representing the BC interaction, which looks like this:



a1 & a2 combined



c1

c2


b1
7+8=15

8+2=10


b2
9+6=15

6+4=10


Subtracting horizontally as we've been doing yields two identical simple effects of C: 15 - 10 = 5 at b1, and 15 - 10 = 5 at b2, and identical simple effects means no interaction: 5 - 5 = 0, so there is no BC interaction present. We could also subtract vertically, and, what the heck, subtract upwards instead of downwards as long as we're consistent: 15-15 = 0 and 10-10 = 0 (trust me, I subtracted both of them in the upwards direction that time to keep the order the same), and since 0-0 = 0, the simple effects of B do not change depending on whether we're at c1 or c2. So the same conclusion holds (as it must): there's no BC interaction.

To find whether main effects are present, just collapse one more time. From the previous table we can collapse over C to find the B effect: b1 is 15 + 10 = 25 and b2 is 15 + 10 = 25. Those numbers are the same, so there's no B main effect. Find the C main effect by collapsing in the other direction: c1 is 15 + 15 = 30, and c2 is 10 + 10 = 20. Those numbers are different, so there is a C main effect. To get the A main effect we have to go back to an earlier table where A wasn't collapsed, so look at the next-to-last table depicting the AC interaction. There we can collapse across C to find a1 is 16 + 14 = 30, and a2 is 14 + 6 = 20. That's another difference (30-20 = 10), so an A main effect is present. You can also find main effects directly from the pair of tables we started with -- just sum all the cells labeled a1 (4 of them in this example) and all the cells labeled a2 (another 4) and compare those sums to see if there's a difference present. Again, you could use the means by summing those 4 cells and dividing by 4, but the conclusion you reach would be the same.

Just to demonstrate how to deal with more than two levels of a factor, here are those same cell means but with an extra level of B added in, still in an AxBxC design only with a=2, b=3, and c=2:
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c2



b1
b2
b3


b1
b2
b3

a1
7
9
9

a1
8
6
6

a2
8
6
6

a2
2
4
4

diff.:
-1
3
3


6
2
2

A subtraction check for the three-way interaction would first look at the AB two-way interaction under c1. We could first take the differences going down each column: (7-8)=-1, (9-6)=3, (9-6)=3, and since those differences are different, there is an AB two-way interaction at c1. For the c2 table, (8-2)=6, (6-4)=2, (6-4)=2, and since those differences are also different, there's an AB two-way interaction present at c2 as well. To determine if there's a three-way interaction present, we have to find out if those two two-way interactions are the same or different at the different levels of C. Since there are three levels of B involved in the interaction, we actually have to ask if we see the same pattern of pairwise differences between the differences for each table, and in a consistent order: let's choose the order {(1st - 2nd), (1st - 3rd), (2nd - 3rd)}. For the first table, that gives us (-1-3)=-4, (-1-3)=-4, and (3-3)=0; that's the c1 pattern of the differences between the differences. Is the same pattern {-4, -4, 0} also there at c2? For the c2 table, (6-2)=4, (6-2)=4, and (2-2)=0 so the pattern is {4, 4, 0}. Now, is there a difference between the pattern of differences between the differences? Yes -- we subtract our last set of difference patterns across tables, something like{-4, -4, 0} minus {4, 4, 0}, which gives us (-4-4)=-8, (-4-4)=-8, (0-0)=0. Those three differences between differences are different. And if even one is different, as in this case, that tells us that there is a three-way interaction present, but it's pretty hard to follow -- again, the best strategy is probably to also be able to read at least the three-way interaction off the graph for confirmation.

It may not be obvious, but you can re-make the tables above as three tables of AC interactions (one for each level of B) instead of two tables of AB interactions (one for each level of C), and you'll see that they're equivalent representations of the data. (Any tabulation of the data is equally legitimate, just like it doesn't matter whether you graph A on the horizontal and B as separate lines or vice versa.) In that case you might have noticed that instead of doing these three pairs of differences to represent the interaction's pattern, we could have rearranged our data so we were evaluating the AC interaction at b1, b2, and b3, and simply checked to see if those three differences were the same. If they're not, that's our sign that there's a three-way interaction present. But sometimes doing those pairwise subtractions will be unavoidable -- in particular, if more than one of our factors had three levels. In fact, even a two-way interaction would have to be described by a set of pairwise subtractions if both factors have three levels (i.e., a 3x3 design as opposed to 2x3 or 2x2).

To investigate the two-way interactions and the main effects, you collapse over the factor(s) you're leaving out, exactly as was done in the previous example. The AB table will be 2x3, AC will be 2x2, and BC will be 3x2. But you won't have to look at the pattern of pairwise differences, because as long as there's only one three-level factor, you have the option of subtracting over the two-level factors and not the three-level one. Best to try this yourself to see what I mean.







